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5) The assumption of thermodynamic equilibrium for the
analysis of fluctuation effects is more applicable at very high
temperatures.

6) The application of this method of analysis for re-entry
flight conditions requires an estimate of the temperature
fluctuation magnitudes, statistical distribution function, and
optimum autocorrelation which are presently not available
from experimental measurements.
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Fluid Mechanics of Train-Tunnel Systems in Unsteady Motion
MIKLOS SAJBEN*

California Institute of Technology, Pasadena, Calif.

The dynamic characteristics of bodies moving in long, finite channels are studied using a
one-dimensional, incompressible fluid description. It is shown that the motion of the body
and the fluid contained in the channel are closely and nonlinearly coupled and therefore an
understanding of the system dynamics requires consideration of both body and fluid. The
nonsteady inertial aspects of the motion may be important in many practical situations. The
character of the solution is investigated using phase plane methods. The findings are com-
pared with numerically integrated solutions yielding body and fluid speeds, as well as drag co-
efficients. The effects of various initial body speeds are studied. Compressibility effects are
estimated and found to be slight for present systems. The theory includes steady-state opera-
tion as a singular case.
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Nomenclature

drag coefficient
drag force on body
friction coefficient
propulsive force
loss coefficients denned in Eq. (18), ,; = 1 to 5
body length
channel length
loss coefficients denned in Eq. (24), j = 3 to 5
body mass; Mach number
static pressure
propulsion power
radial coordinate
channel or body radius
Reynolds number
time
air velocity
mean air velocity
body velocity
coordinate along channel axis
body position coordinate
U/V velocity ratio

= ratio of specific heats
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A = distance of near field boundary from parallel section of
body

v = kinematic viscosity
K — loss coefficient
X = characteristic length
\f/ — LpRc^ir/M, air to body mass ratio
p = fluid density
a — (Rb/Rc)*, blockage ratio
£ = axial coordinate in coordinate system fixed to body
f = loss coefficient

Subscripts
b — body
c — channel
cr = critical
e = exit
f,F = locations deffned on Fig. 2
0 = inlet
r,R = locations defined on Fig. 2
1,2 = locations defined on Fig. 1
* = steady-state

Superscripts
db - U^ 0

= modified value (Eqs. 12, 27, and 33)

1. Introduction

SUBWAY systems presently under consideration are in-
tended to employ higher speeds and higher traffic densi-

ties than systems in operation today. Both factors tend to
aggravate problems of aerodynamic nature: the additional
power requirement due to air drag is higher, the heat released
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by the propulsion machinery of the train is more and the pas-
senger discomfort due to air blast at the stations is also likely
to increase.

In order to take these factors into account in the process of
engineering design, one must be able to predict the drag as
well as the air speed in the tunnel quantitatively. At the
present, it is not entirely understood just what are the most
important parameters influencing these two quantities.

The present study presents a theory describing the dy-
namic behavior of systems consisting of a train and the air
confined in a tunnel. The air is assumed to be incompressible
and the description is one-dimensional. The formulation ad-
mits time-dependent, unsteady operation, which includes
steady-state as the special case of vanishing time derivatives.
It is shown that the motion of the train and the motion of the
air in the tunnel are intimately coupled and one cannot ade-
quately describe either without considering the other. It is
also shown that the train-air system may very well move in a
nonstationary fashion for a large fraction of its operational
time. This implies power requirements considerably in ex-
cess of those calculated by assuming stationary motion in the
system.

Section 2 is devoted to the formulation of a model reason-
ably representative of near-future applications. In Sec. 3 the
governing equations are derived. Analysis of these equations
in Sec. 4 reveals the main features of these solutions. In
Sec. 5 numerically obtained solutions are presented and dis-
cussed, while comments on the limitations of the present
theory are offered in Sec. 6.

2. Formulation of a One-Dimensional Model

We shall consider the motion of a long, cylindrical body
constrained to move coaxially inside a long channel of con-
stant, circular cross section (Fig. 1). The motion of the body
is initiated and maintained by some propulsive force F acting
between the body and the tunnel wall, exemplified by friction
between train wheels and rails. In general, this propulsive
force is related to the speed of the body in some manner de-
termined by the force-speed characteristic of the propulsion
units (torque-speed in the case of conventional rotating
machines), so that it is appropriate to consider F as a func-
tion of body speed, V. Aerodynamic means of propulsion
(propellers, rockets) will not be considered.

The channel is of finite length, L, terminated at both ends
by constant pressure reservoirs, which need not be at the
same pressure. In case of a full-size train, a tunnel is of
course usually terminated in the outside atmosphere so that
the end pressures are equal, but this is not necessarily the case
in an experimental arrangement.

The fluid in the channel is assumed to be incompressible,
which places limitations on the present theory in terms of al-
lowable body speeds and the length of the channel. These
will be discussed in Sec. 6.

Figure 1 shows a schematic of the channel-body system
considered, indicating the relevant geometrical parameters.
In particular, x is the position coordinate in the coordinate
system fixed to the channel, defined positive in the direction
of 7.

We shall assume, as done before by Hara,1 Hammitt2 and
others, that the flow in the channel is reasonably parallel up
to within several channel diameters to the body and there-
fore can be adequately described by cross section averaged
velocities and a similarly averaged pressure. This region will
be called the "far field" which includes a downstream portion
Xi < x < XR and the upstream portion XF < x < x2. The re-
gion XR < x < XF which includes the body, will clearly include
regions of large radial velocities near the forward and rear
stagnation points and will require separate treatment. It will
be called the "near field'7 and discussed in terms of a body
fixed coordinate system, whose origin is chosen at the fore-

I h-X(t)——I-——*b -*i
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Fig. 1 Sketch of body-channel system. Lower part of
graph illustrates instantaneous static pressure distribu-

tion for pe — po — 0.

most point of the body and whose axial coordinate is desig-
nated £ (Fig. 2).

The one-dimensional equations governing the space and
time-dependent average fluid velocity and pressure in the far
field are:

= 0 (1)

bx) - fc/Rcu\u\ (2)

where fc is a friction factor defined by

where rc is the shear stress on the channel wall. The last term
of Eq. (2) reflects the rather reasonable assumption that fric-
tion gives rise to a force that always opposes the mean velocity.
While not true in regions of separated flow, it is nevertheless
expected to be the case throughout the entire far field. fc can
be estimated from fully developed channel flow formulas,3 or
can also be determined by solving the appropriate (mostly
turbulent) equations of motion in their axial symmetric, time-
dependent form, although this approach is not likely to be
practical. In what follows, we shall assume that fc is a known
function of the Reynolds number based on channel diameter
and the mean air speed: Rec = 2RcU/v, where v is the kine-
matic viscosity. If Rec is very large, as is usually the case,
then/c becomes a very slowly varying function of Rec and may
conveniently be taken as constant. In this case/c is primarily
dependent on the surface roughness of the channel.3

Equations (1) and (2) can be obtained rigorously by inte-
grating the equations of motion with respect to r over the
range 0 < r < Rc. The exact form shows that Eqs. (1) and (2)
are valid if the shape of the velocity profile is independent of
x and if the mean velocity u is interpreted as a displacement-

.IT.

Fig. 2 Sketch of near-field dimensions and velocities in a
coordinate system fixed to the body. Dashed line indicates

control volume used to determine D/F»
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mean value defined by

u(x,t) = —— f ' u'(x,r,f)2irrdr
tic T^ •* u

pressure drop, as calculated from Bernoulli's equation:

(3)

where ur is the velocity as function of x, r and t.
The situation is more complex in the near field, where Eqs.

(1) and (2) clearly do not apply. It is nevertheless possible
to derive approximate relations between the overall pressure
difference (pF — PR), the velocities, U, 7, and body drag by
using the integral momentum theorem, as will be shown in
Sec. 3. These relations are effectively one-dimensional and
can be matched up satisfactorily with the description of the
far field, so that a one-dimensional description of the entire
system is possible.

The analysis of the near field is greatly simplified by the
fact that the flow in this region can and will be treated as
steady. The justification for this assumption lies in the fact
that the time required by the near-field flow to adjust to
steady-state after a perturbation of the PF — PR pressure
difference is much shorter than the time required by the en-
tire system to reach steady-state after a perturbation of
reservoir pressures or of propulsive force. This is intuitively
quite likely if one considers that the first process involves only
the mass of fluid in the near-field region, while the second
process is governed by the inertia of all the fluid contained in
the channel as well as the inertia of the body itself.

For simplicity, we shall restrict the discussion to cases
where the near field is completely contained within the tube.
Transient effects associated with the passage of the body
through the channel inlet or exit can be easily treated with
methods employed here.

The present one dimensional formulation contains two
principal unknowns: the body velocity V, and the channel
airspeed U. Two ordinary differential equations describing
the time-wise variation of each will be derived in the next
section. Both are found to be of first order, strongly coupled
in a nonlinear fashion. The formulation includes the steady
motion of the body as a singularity in the system of equa-
tions. Since steady-state operation has been discussed by
Hara1 in the one-dimensional approximation, we shall discuss
it only to the extent necessary to make the present paper self
contained.

3. Derivation of Governing Equations

The differential equation governing U is based on the axial
momentum equation for the fluid. Equation (2) expresses
this principle in a form valid for the far field, while the near
field has to be treated separately. The two fields are matched
by requiring the pressure and average velocity to be contin-
uous at both XR and XF. The matching of pressures allows us
to break down the (specified) overall pressure difference
(Pe ~ Po) m"to several contributions as follows:

Pe - Po = - PF) + (PF - PR) +

(PR - Pi) + (Pi ~ Po) (4)

The (pF — PR) term on the right hand side characterizes the
near field, the (p% — PF) and (PR — p\) terms represent the far
field while the remaining two terms correspond to inlet and
exit flows. If we express all contributions in terms of U, V,
and/or their time derivatives, Eq. (4) will become one of the
equations required to formulate our problem properly. Ac-
cordingly, we shall now proceed to derive appropriate ex-
pressions for each of the pressure differences on the right hand
side of Eq. (4).

Between stations 0 and 1 the velocity is a rapidly growing
function of x, so that the udu/bx term dominates both du/dt
and the friction term in the x momentum equation. Under
these circumstances it is reasonable to express the inlet pres-
sure drop as an empirical coefficient (f0) times the inviscid

since HI = u(xi) = U by definition and u0 « u\. f o = 1 for the
truly inviscid case and should only be slightly larger for real
inlets.

By Eq. (1), the air velocity U is independent of x through-
out the far field. This fact allows us to integrate x out from
Eq. (2). Integrating from xi to xR(t), we have

PR -
(6)

Using Leibnitz' rule, we deduce, after some manipulations:

P"~ Pl = - I [U(x, - a*)] - £ (z* - XiW\U\ + UV
P Ot Jtlc

(7)
where we used the assumption that XR is a fixed distance be-
hind the body and hence

= dX/dt = V (8)
The upstream portion of the far field is treated similarly,
resulting in

- (x, - xF)U\U\ - UV

(9)
The fluid leaving the channel at x2 carries considerable

kinetic energy with it, most of which is dissipated in the jet
formed by the exhaust. Introducing an exit loss coefficient
f e, we can write, analogously to Eq. (5) :

Pe ~ (10)

where fe = 1 for inviscid flow, and is expected to be con-
siderably less for real exits. Substituting Eqs. (5-10) into
Eq. (4) we have:

where

_ _ * dU _ fc_ f / A 2
~ L dt RC

L(U)

L = L - (lb + A* .+

(11)

(12)

is an effective channel length and AB, AF are each several
channel radii long, the exact length being of little importance.
The notation (Z)2 serves to abbreviate Z\Z\.

The ± superscript of the loss coefficients accounts for the
fact that U is allowed to be either positive or negative, hence
the channel ends may serve as either inlets or exits. Since the
loss coefficients for the same end may be grossly different for
the two cases, f0

+ is understood to mean the loss coefficient for
the x = 0 end if U > 0, while f0~~ applies to the same end if
U < 0. Analogously, fe

+ is the loss coefficient for the x = L
end if U > 0 while f e~ is to be used for the U < 0. If the two
ends of the tube are geometrically similar, then f0

+ = f«"" and
fo~ = fe+- This fact may be used to simplify some of the
equations that follow.

We now turn our attention to the near field region, in par-
ticular to the PR — PF pressure difference appearing in Eq.
(11). As mentioned before, the flow will be treated as steady
in the reference frame fixed to the body.

First we break down PF — PR into three parts as follows
(see Fig. 2):

PF ~ PR = (PF - Pf) + (Pf ~ Pr) + (pr - PR) (13)
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The locations of £r and £/ are determined by requiring that
the flow between them be essentially parallel, so that fully
developed channel flow may be assumed over the range
£r < £ < £,.

We shall neglect viscous forces in the rapidly accelerating
flow for £/ < £ < £F, as we have done for the inlet region of
the tunnel. We can then again apply Bernoulli's equation
and write

PF ~ Pf
P

(14)

where <r is the blockage ratio defined as (E6/RC)2, and ^F
± is

an empirical loss coefficient, whose value depends on the sign
of (V — U), in complete analogy to the fo* coefficient. Note
that f F± > 1.

Next we consider an annular, cylindrical control volume
enclosing all fluid in the region £ / < £ < £ / and apply the
momentum integral theorem. The shear stress acting on
each wall is assumed to be given by a product of an appropri-
ate friction factor, the density halved, and the square of the
relative speed between the mean flow and the respective wall.
Since in the body-fixed frame the channel wall moves to the
left with velocity 7, the two relative speeds are not the same.
Taking into account the direction of the shear forces, we can
deduce:

Pf - fbk f f i n

' Rc (1 - <r)3 (V - U)* +

f (f <15)
where /& refers to the body and// to the channel surface in the
near field.

The pr — PR pressure drop depends on the details of the
complex wake flow and presumably is strongly influenced by
the shape of the body tail. Instead of considering all details,
we simply assume the pressure recovery to be some empirical
factor times the inviscid pressure difference :

Pr - PR

where £R
± < 1. A more accurate value has to be determined

by experiment. If f R
± turns out to have a strong influence on

the 7(0 or U(t) behavior, then a more careful study is justi-
fied, otherwise this approximation will suffice.

Summing up Eqs. (14) to (16) yields an expression for
PF — PR, which may be substituted into Eq. (11) to produce
the equation governing U(t):

' - fc^f/)2 -L-L dt

where the coefficients kj are defined as
fa±(V - (17)

k, = fih/Rc<rlf*(l - cr)~3

fa = fc'lb/Rc(l - cr)-8

fa = ier(2 - cr)(l - o-)-»

(18)

Equation (17) is clearly quite general, since it is applicable to
positive or negative air velocities as well as to nonzero pres-
sure differences between the two channel ends.

Equation (17) needs to be complemented by a second equa-
tion governing V(t) . This is obtained by applying Newton's
second law to the body:

M(dV/dt) = F(V) - D(V,U) (19)

where M is the mass of the body and D is the aerodynamic
drag acting on it, including contributions due to both shear
and normal stresses, i.e., both viscous and pressure drag. D
is defined positive if it opposes the direction of 7. D is ex-
pected to depend on both U and 7 in a manner derivable
from considerations similar to those utilized so far.

We shall split the total drag into three contributions: 1)
the drag acting on the nose region £/ < £; 2) the drag in the
constant area middle region, £r < £ < £ / ; and 3) the tail drag
£ < &•• Each contribution can be determined by an applica-
tion of the integral momentum theorem to a control volume,
including all the fluid in the respective range of J, together
with the equation of continuity and the already introduced
definitions for the loss coefficients f F

± and fu^
In the rapidly accelerating nose region flow we can apply

Bernoulli's theorem, combined with the definition of the
empirical loss coefficient [Eq. (14)], and obtain

,2(1 - + (V - (20)

In the constant area middle region the drag is due solely to
shear and is given by

T l /2

,P(V - (21)

In the tail region, again the definition of the wake loss co-
efficient [Eq. (16)] provides a relation needed to determine
the drag. The result is

DRr p 2(1 - f«±) +
1 - a

(7- (22)

Equations (20) and (22) clearly neglect shear on the chan-
nel wall, consistently with Eqs. (14) and (16). A rough esti-
mate shows that the ratio of wall shear force to the force due
to static pressure change between locations / and F is ap-
proximately equal to (2/A/72c)(l — U/V), hence usually
much less than one. This estimate points out that the wall
will be dominant only if U/V is near unity, i.e., if the fluid
speed relative to the body is nearly zero. This situation may
arise if the body is being retarded by F (braking), which
usually happens only temporarily. It is also worth noting
that in most cases the shear on the channel wall changes sign
between / and F, so that the contributions partially cancel.
For these reasons, the admittedly crude representation of this
loss through the use of an empirical loss coefficient will be
considered adequate for the present purposes.

The total drag is obtained by summing the three contribu-
tions, leading to

(23)

Using Eqs. (14-16) to eliminate PF — PR, we obtain the dif-
ferential equation governing V in the form

M dF
df pRe*ir

- m, (V -

(o-7 - J7>2 - (24)

where the m, coefficients are found to be exactly equal to the
corresponding kj coefficients appearing in Eq. (17): m,- = kj,
for j = 3,4,5. This fact is not surprising, since these three
terms jointly express the aerodynamic drag which clearly
must enter the equation for V.

By adding Eqs. (17) and (24), an alternate form for either
equation may be obtained in which the expressions for drag
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Fig. 3 U(V) Phase plane with sample trajectories. Cross-
hatched boundaries denote region of validity of simplified

model.

cancel out almost completely. It can be written as follows :

F = M + (p£ficV) +at at
(p. - po)Re*Tr - k^Rc\

+

- a)p(aV - C7)2 (25)

This form clearly shows the fact that the propulsion force
acting on the body must overcome the inertia of the body
itself, the inertia of the fluid in the channel, plus the frictional
and inlet-exit losses of the channel flow, as represented by the
C72 terms. A nonzero pressure difference across the channel
acts as an additional propulsive (or braking) force. The last
term arises because the shear force acting on the body in the
constant area section of the near field is not equal to the shear
acting on the fluid in the same section. This term is usually
small and of little importance.

Equations (17) and (24) represent two coupled, nonlinear
differential equations that describe the behavior of our system
for all possible initial conditions. In their present form they
apply to a variety of practical situations. They describe the
behavior of a train in a tunnel whether accelerating or de-
celerating, steady-state being also included as a special case
when both derivatives vanish. The air velocity in the tunnel
may be more or less than the velocity of the train, or it may
even be negative as if generated by another train previously
traversing the tunnel in the opposite direction.

4. The Character of Solutions

In the interest of simplifying further discussions and to per-
mit analytical study of the equations, we shall make several

Fig. 4 Variation of V, U, and CD as functions of body posi-
tion for VQ = UQ = 0. Steady-state velocities indicated by

dashed lines.

20
v
16

(m/sec)

12

F = const.

0 2 4 6 8 10 12 x. v 14

Fig. 5 Variation of V along channel for different initial
body velocities (UQ = 0). Steady- state velocity indicated

with dashed line.

assumptions. First, we shall set pe — p0 = 0, corresponding
to situations in which both ends of the channel are exposed to
the atmosphere. If the fluid motion in the channel is induced
by the body itself (as is almost invariably the case), then
U > 0. We shall also make the often applicable restriction
that aV > U. The last two assumptions obviate the need for
nonanalytic functions appearing in Eq. (17) and (24), without
damaging the applicability of the theory to the most frequent
train-tunnel problems.

Furthermore, we shall locus our attention on large block-
age ratios. If a is near one, then aV — U ~ V — U and the
three .terms expressing the drag in Eqs. (17) and (24 ) may be
all lumped together into one single term proportional to
(V — U)2. The resulting set of governing equations is:

(26)

(27)
where KC and Kb are again dimensionless coefficients given by
KC = 2(ki + kz), Kb = 2(&3 + &4 + &4) ^ 2(w3 + o-m4 + m5)
dependent on the geometry of the system as well as on fric-
tion coefficients. These coefficients are evaluated using the
actual value of o-(^l). The function F is defined by F =
F/pR^ir, while \f/ = pR^irL/M is the ratio of air mass in the
channel to the body mass.

The coefficients KC and Kb measure the pressure drops as-
sociated with the channel and body respectively and are in
fact the dimensionless pressure drop coefficients associated
with the far and near fields. It follows from Eq. (26) that the
steady-state f velocity ratio U*/V* = /3* depends only on the
relative magnitudes of these two quantities.

L(dU/dt) = -(KC/2)U* + Kb/2(V -

= F(V) - Kb/2(V -

= yd + U/2 (28)

If the channel is long and the blockage ratio is not too large
(<£ ^> 1) then /3* «C 1, and the fluid is hardly moving. On the
other hand, a short, smooth channel and a tightly fitting body
will induce fluid velocities that may nearly reach the body
velocity itself, in full agreement with intuitive expectations.

In the possession of 17(0 and V(t), the total aerodynamic
force acting on the body at any instant is easily calculated
from the sum of the last three terms in Eq. (17) through
multiplication by p#c

27r. In the simplified theory of this
section, the drag is obtained from the second term of Eq.
(26) in a similar fashion. We define a drag coefficient, CD, as

f Star subscripts refer to steady state (d/dt = 0).
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CD

6

X(m)

Fig. 6 Variation of CD along channel for different initial
body velocities (Vo = 0). Steady-state drag coefficient

indicated by arrow.

P= const.

1000 2000 3000 4000 5000
X (m)

6000

Fig. 7 Variation of F, t/, and CD as functions of body posi-
tion for full-scale tunnel (l/o = VQ = 0).

follows:
CD = Z>/(ipFW7T) (29)

Note that CD in general varies with time: in particular, it de-
creases for a body accelerating from standstill into an initially
quiescent fluid.

Using the simplified model of this section, we can relate CD
to the velocity ratio ft in the following form, valid at any in-
stant :

CD = Kb/o-(l - /3)2 (30)

Specialization to steady-state by using Eq. (28) yields the
following remarkable formula:

((7Cz>*)-1/2 = Kb'11* + (31)
This equation is clearly valid for any arbitrary propulsive
force-velocity relation, i.e., for any function F(V). It shows
quite clearly that CD* depends on both the body and the
channel loss coefficients. It is smaller than either of the two
coefficients and is principally governed by the smaller of the
two! This paradoxical result can be illuminated by con-
sidering two limiting cases.

1) If KI -> 0, then CD* -> 0, regardless of KC. This is en-
tirely sensible, since a friction-free body can slip through the
fluid with zero drag, no matter what the fluid velocity (and
hence wall drag) is.

2) If KC -> 0, then CD* -*- 0, regardless of Kb. Indeed, if the
channel walls are completely Motionless, then the entire fluid
mass can be pushed along by the body at no expenditure of
power.

In a real case neither coefficient is zero but the trends are
easily discerned. If the body is quite tightly fitting (i.e.,
Kb > KC) then most of the drag is due to the channel walls, so
that their surface roughness becomes important. At the same
time the body shape loses its significance: a streamlined tail
is only marginally superior to a crude, flat end.

On the other hand, the shape of low blockage ratio bodies
(^ < Kc) will tend to be crucial, while the smoothness of the
channel surface becomes immaterial.

Equation (31) provides a simple relation through which
these effects may be quantitatively assessed. This relation
clearly shows that one cannot sensibly associate the drag co-
efficient with the body alone: rather it must be considered
as a property of the entire system.

Further headway can be made only after the F(V) function
iŝ  specified. Two cases will be considered: 1) constant force
(F = const); and 2) constant power (F = P/ V, where P =
P/pRc

2ir, P = propulsive power). The constant force case
applies for laboratory drop experiments (Ref. 6) where
gravity is utilized as propulsive force in a vertically ar-

ranged tube. Constant power, on the other hand, is reason-
ably representative of real subway situations.

The steady-state body and air velocities are easily calcu-
lated for each case by setting the time derivatives equal to
zero in Eqs. (26) and (27) and solving the resulting algebraic
equations. The results are:
1) Constant force:

1/2

2) Constant power:

/2p\1/3

, 7* = — (1 +

(32)

(33)

The nature of the transient processes can be very conve-
niently studied if we utilize the fact that the right hand sides of
both equations depend on V and U only: time does not ap-
pear explicitly. This permits the reduction of this system to
one single ordinary differential equation of the first order,
simply through the division of Eq. (26) by Eq. (27), resulting

dU
dV

+ Kb(V -
- Kb(V -

(34)

The solutions of this equation can be conveniently examined
on a U(V) phase plane by standard methods. The loci of the
zero and infinite slopes can be easily found in each case.

10 -

v
(m/sec)

8

40

CD

32

24

10 12
X(m)

Fig. 8 Effect of friction coefficient on V and cj>. f = fc =
/.' = /»•
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Since they differ only qualitatively, only the constant force
case is displayed on Fig. 3. Under the F = const assumption
the dV = 0 and dU = 0 loci are straight lines, intersecting at
a singular point specified by Eq. (32). The point can be
shown to be a node, so that all solutions will terminate in the
steady-state.

Several sample trajectories are shown. Trajectory 1 will
occur if the body and fluid are initially at rest. This is the
case in gravity-driven experiments, if the body is simply
dropped in the tube at the top. Trajectory 2 indicates the
consequences of launching the body with a finite velocity into
the tube. The body may be temporarily slowed down, only
to accelerate again as the fluid is eventually set into motion
and thereby the aerodynamic drag is reduced. On the other
hand, if the fluid is already flowing fast through the tube
when the body is launched, the drag may cause an initial
velocity "overshoot" as exemplified by trajectory 3. Several
other possible trajectories are also shown.

There is no principal difficulty in performing a phase plane
study even if none of the simplifying assumptions of this sec-
tion are employed, although in the general case the loci of
zero and infinite slopes become quadratic curves which are
only piece wise continuous. The various possibilities in
specifying F(V) and pe — Po each lead to a different set of
trajectories, the detailed investigation of which is clearly
beyond the scope of this paper.

The number of parameters governing the problem is quite
large, even in nondimensional form, so that there is no
simple, compact form in which all possible solutions could be
represented. The main features of the solutions, however,
can be described by: 1) the initial conditions; 2) the steady-
state values of velocity (£7*,F*); and 3) by the time and
length scales -characterizing the adjustment to steady-state.
Accurate steady-state velocities can be obtained from Eqs.
(17) and (24), after setting the time derivatives to zero.
Special problems arise because of the nonanalytical expres-
sions appearing in these equations which render the procedure
laborious. Details have been worked out, but will be omitted
for brevity. The characteristic time and length scales have
been calculated and are given in Ref. 7.

5. Numerical Solutions

The complete equations of Sec. 3 and the simplified equa-
tions of Sec. 4 both readily admit numerical integration by
computer. Computers can also very easily handle the non-
analytical forms appearing in the equations in Sec. 3. For
the sake of easy comparison with the already derived analyti-
cal results, we shall again restrict ourselves to the simplified
version of the equations.

Figure 4 shows U, V, CD and t as functions of body position,
for conditions typical for an experiment utilizing gravity as a
constant propulsion force. The data used for this and all
other figures are given in Table 1. The behavior of the solu-
tions corresponds to qualitative expectations. They also
demonstrate a fact perhaps not quite foreseen: the system
fails to reach a stationary state during the traversing time,
and the velocities are still considerably different from their
steady-state values when the body leaves the tube. This re-
sult is in complete agreement with the estimate of char-
acteristic length scale given in Ref. 7. For the conditions of
Fig. 4 this scale turns out to be 4.16 times the channel length,
so that it cannot even be indicated on the graph.

The characteristic scale X is not necessarily longer than
the tube although this situation does occur quite often in
circumstances of practical, interest. Steady state can be
reached regardless of the values of \/L, although the initial
conditions may have to be different from U0 = V0 = 0.
Figures 5 and 6 demonstrate how V and CD vary if C70 = 0, but
the body is launched with a finite velocity, i.e., V0 ^ 0. It
appears that most solutions correspond to the same large
length scale, except the Vo = 20 m/sec case, which reaches

virtual steady-state after the remarkably short distance of
about 3-4 meters. As discussed in Ref. 7, this phenomenon
is due to the existence of exceptional solutions with a shorter
than "normal" characteristic distance. If the purpose of the
constant force (drop tube) experiment is to realize the par-
ticularly interesting steady state situation, then it is manda-
tory to choose the initial conditions in such a way as to pro-
duce this exceptional, fast adjusting behavior.

Figure 6 clearly shows the large values of CD in the begin-
ning, where a large fraction of the force is used up to acceler-
ate the body and air masses. When the body leaves the tube,
the drag coefficients differ from the steady state value by up
to 8%, within the range of initial conditions used here. The
steady-state value of CD* is 2.82, which is very much greater
than what would be expected in an unconfined stream for an
identical slender body.

Figure 7 shows a case representative of a full-scale subway,
assuming constant power. J Channel area variations, verti-
cal vents and the presence of additional trains were not con-
sidered. The figure shows that stationary state is reached,
although the distance X is still sizable, as indicated on the x-
axis. In fact, X may very well be longer than the typical in-
terstation distance, in which case the train would be operating
in an unsteady fashion all the time.

The effect of friction factor on the (F = const) solutions
is shown on Fig. 8 where V(x) and CD(X) curves are given for
two values of /.

The body speeds are in the ratio of approximately 1.2 to 1 at
the time of exit from the tube while the drag coefficients
compare as 1.65 to 1. Since for our range of interest / ^
Rec~lf*, a factor of two in / corresponds to a factor of 16 in
Reynolds number. Model experiments may differ from full-
scale train-tunnel systems by two orders of magnitude, so
that the present example is representative of scaling problems.
The Reynolds number influence is thus not critical, but con-
siderable, and it should be taken into account in the next
step of sophistication. This is in principle not difficult in a
numerical integration scheme, but greatly hampers analytical
studies.

6. Summary and Comments

Equations have been presented which describe the behavior
of bodies moving in long channels, as well as the motion of air
in the channel as induced by the body. The nature of the
solutions have been investigated analytically and numeri-
cally.

The examples given concur with previous findings that 1)
the drag is considerably increased over what it would be
without the confinement of the tunnel and that 2) the power
needed to accelerate the air increases the drag over its steady-
state value by an increment that may be of the same order
as the increase due to confinement alone. Since times re-
quired to reach steady-state may be long, this factor must be
taken into account in design. Sufficient amount of informa-
tion is provided to allow the determination of aerodynamic
force on the train as well as the air speed in the tunnel under
a wide variety of specific circumstances.

An important limitation of the theory stems from the as-
sumption of incompressibility. At higher speeds and larger
channel lengths this assumption is clearly not admissible and
the theory is increasingly in error. An estimate of the limit of
validity may be obtained by requiring that the PF — PR pres-
sure difference be small compared to the absolute pressure
at the tunnel inlet. In the absence of large heat inputs, this
guarantees that the fractional change of density will be also

J The P = const assumption yields unrealistic forces at low
speeds. This was circumvented by taking F = Fmax or F =
P/V, whichever smaller. Fmax was taken to be the force resulting
in 0.1 g acceleration of the body. The F(V) relation so defined is
an acceptable approximation to real propulsion systems.
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small as assumed. The simplified model of Sec. 4 yields

hence, with p0 = pRTo
PF - PR yKc U*2

(35)

(36)

where 7 is the ratio of specific heats and M* is the Mach
number based on steady-state train speed and inlet acoustic
velocity. We arbitrarily designate (PF — PR)/PO — 0.1 as a
highest tolerable value of pressure change and call the as-
sociated Mach number Mcr. Using Eqs. (28, 31 and 36), we
then have

Mcr = 0.374 (37)

where we set 7 = 1.4. If the train Mach number is less than
Mcr, the pressure drop across the train is less than 10% of
pQ and the present theory should be a reasonably good ap-
proximation.

As an example, we may take the case of Fig. 7 (see Table 1
for details) and find Mcr = 0.27. This means that the theory
of this paper should yield acceptable results if the train speed
is less than approximately 200 mph, which is probably true
for all systems presently operating or under design. Note
however, that increasing blockage ratios and increasing tun-
nel lengths may quickly render compressibility effects im-
portant.

Table 1 Data for Numerical Examples

Quantity
L
2RC
k
2Rb
fc = /„' = fb

fo+ = *> +

fe+ = ^ +

F
P
M
P

(T

*
KC
Kb

F
P

Dimension
m
m
m
m
—

—
—

Newton
Watt

kg
kg/m3

Derived
—
—
- —

(m/sec)2

(m/sec)3

Figs.
4, 5, 6, 8

15.39
0.05291
0.4557
0.04475
0.003

(also 0.006
on Fig. 8)

1.0
0.0
0.04758

—
0.0485
1.205

Quantities
0.7153
0.8157
4.388

19.42
179.6

—

Fig. 7
6,000.

4.877
90.
3.448

0.005
1.0
0.0

—
1.76 X 106

0.124 X 106

1.205

0.5
4.35

25.61
10.13

19.55 X 103

Another major simplification resulted from assuming fluid
friction to be Reynolds number independent. The insight
gained from the consequent simplicity amply justifies the
assumption, but renders quantitative predictions question-
able. A body accelerating from standstill passes through the
entire Reynolds number range from zero to the maximum
value in times that are shorter or comparable to times re-
quired for the development of the boundary layers in the far
field. The flow development thus cannot be considered as a
quasi-stationary process and it is not legitimate to use the
conventional (steady-state) pipe friction factors evaluated at
the instantaneous Reynolds number. In laboratory experi-
ments, where the initial conditions may be made truly quies-
cent, a laminar-turbulent transition will occur which clearly
influences the drag. In real subways the upstream condi-
tions are greatly disturbed by previous trains and the flow
may be quite dependent on this kind of turbulence.

It would be desirable to extend the work on this topic in
several directions. In addition to the air speed, it is of inter-
est to know the air temperature as a function of location and
time, for purposes of climate control design and passenger
comfort. The role of segments of different cross sections in
the channel (stations) and of vertical ventilation shafts in
determining drag and air speed are of interest. Interaction of
several trains simultaneously moving in the channel is a
practical problem. It would be interesting and quite feasible
to simulate a complete system by computer: the power
needs of each train for a prescribed schedule of operation
could be determined and so could the resultant air motion and
temperature distribution throughout the entire system.
Finally, compressibility effects in unsteady operation might
be considered and aerodynamic means of propulsion are
worthy of study.
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